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Context – coherent structures in wave turbulence

Here, we 
examine 
solitons ≈ 
coherent, 
localized, 
strongly 
nonlinear 
waves.
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Single soliton: statistical attractor in nonintegrable systems
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Single soliton: statistical attractor in nonintegrable systems
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Optical wave turbulence (experiment)
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Solitons 
merging

Solitons 
passthrough

Solitons 
destabilising

Optical wave turbulence (theory)
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Goal of this work
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Here, we aim to characterize the “statistical attractor” of nonintegrable turbulence, 
and identify processes involved in its formation and consolidation. 
We take as our working model the Schrödinger-Helmholtz equation (SHE) for the 
propagation of light through nonlinear photorefractive crystals.

Goal of this work
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Weak wave turbulence → reduction to a semilocal approximation model, 
see JS, Laurie, Nazarenko (2023), Colléaux, JS, Laurie, Nazarenko (in prep) 
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Methods

• Pseudo-spectral simulations of the SHE. 
• Periodic boundary conditions.
• No forcing/dissipation.
• ETDRK4 timestepping, 3/2-rule antialiasing.
• We monitor the total energy 𝐻 and total waveaction 𝑁 (dynamical invariants), 

and waveaction spectrum near 𝑘!"# to ensure good convergence.
• Vary initial conditions to investigate different mechanisms.

• Two main diagnostics:
• Direct Scattering Transform of the cubic nonlinear Schrödinger equation.
• Spatiotemporal (𝑘, 𝜔) spectrum.
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Nonlinear Schrödinger Equation and its soliton

The Nonlinear Schrödinger Equation (NLSE) is the leading-order equation that 
models the envelope of quasi-monochromatic light in the paraxial approximation, in a 
media with a local nonlinearity (the Kerr effect):

The NLSE has a single-soliton solution in infinite space,  
<latexit sha1_base64="6qdV5OhWY4cF+LHEVgzyxsr+OJc="></latexit>
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which exactly balances self-focusing with dispersion. It travels with constant speed 𝑣, 
without altering its amplitude 𝐴 or sech-profile (𝜙 is its initial phase).

Two solitons pass through each other elastically: their outgoing 𝑣$, 𝐴$ equal their 
incoming values, and they only undergo a shift in phase. 
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Direct Scattering Transform for the NLSE

The NLSE is integrable, in the sense of exact solubility via the Direct Scattering 
Transform (DST), a.k.a. Nonlinear Fourier Transform and associated Inverse 
Scattering Transform (Zakharov & Shabat 1972). Schematically:

𝑢 𝑥, 𝑡
Discrete eigenvalue 

spectrum 𝜁! , 
norming constants 𝑟(𝜁!), 

reflection coefficients 𝜌(𝜉) 

Associated spectral problem
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The eigenvalues 𝜁$ ∈ ℂ are in 1-to1 correspondence with the solitons in the system, 
and are constant (isospectrality). 

For NLSE, 𝜁$%& = −𝑣$/2  and  𝜁$'( = 𝐴$/2 (e’value-amplitude-velocity relations). 

Definition “what is a soliton?” → DST eigenvalue!
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DST as a diagnostic in the SHE

We explore the utility of applying the DST as a diagnostic tool to detect solitons in 
the SHE (Turitsyn+ 2019, Sugavanam+ 2017).
We study the SHE in a “nearly integrable” regime: 𝛽 = 0.01 ≪ 1. 
Deviation from integrability means we should not expect isospectrality, nor the 
eigenvalue-amplitude-velocity relations.
We use a Fourier colocation method to 
calculate the DST spectrum (Yang 
2010).
The method creates spurious 
eigenvalues on the real axis. 
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Example: two solitons colliding in the NLSE
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Results
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IC 1: soliton turbulence leading to bound state

<latexit sha1_base64="eG5Psdb2acH6N3o3rTBFRFya8A4="></latexit>
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𝑁 = 400, 𝑘. = 6, 𝑘/ = 9.
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• Coherent, interacting structures emerge (eigenvalues swarm in the complex plane).
• These collide and merge, until there is one dominant coherent solitary wave 

remaining. This dominant solitary wave oscillates in height/width.
• The DST spectrum has two dominant eigenvalues, 𝜁0 and 𝜁-, that oscillate out of 

phase. 𝜁0 oscillates in phase with max# |𝑢(𝑥, 𝑡)|.
• Solitonic traces peel off the dispersion relation and move downwards in (𝑘, 𝜔) 

spectrum. The final dominant structure has one primary and two secondary 
traces.
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Early 
times
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Late 
times
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The “statistical attractor” is a bound state 

• Isospectrality of the 
eigenvalues is broken.

• �̅�/𝜁"#$ = 1.25, �̅�/𝜁"%& = −2.12
•  𝜁" and 𝜁', and max

(
(|𝑢|) all 

oscillate with definite phase 
relationships.

• The peaks of the PSD of 
these timeseries map onto 
the primary and secondary 
traces in the (𝑘, 𝜔) 
spectrum.

• This associates the 
dominant coherent wave 
with these two eigenvalues. 
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• Statistical attractor is 
a two-soliton 
bound state, with 
one soliton trapped 
inside the other.
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The “statistical attractor” is a bound state

Further evidence to support this conclusion:

We can cut the dominant solitonic wave 
out of the 𝑢(𝑥, 𝑡) field and then take the 
DST. 𝜁" and 𝜁' reproduced exactly.

Likewise, we can cut out portions of the 
𝑘, 𝜔 spectrum and reconstruct 

components. The dominant structure is 
reconstructed by the portion below the 
dispersion relation.
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Threshold for bound state formation

Reducing initial 𝐴 reduces the amplitude of the eventual bound state, and 𝜁" and 𝜁'.
Eventually 𝜁' is no longer distinguishable from 
the other eigenvalues in the DST spectrum. 
The dynamics slow down. 

Reducing the amplitude further still, no long-
lived coherent structure is formed.
Parameter ∼ |𝐻)/𝐻'| predicts the 
boundary for formation of coherent 
structure. k 2 [2, 5]
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More results
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IC 2: single NLSE soliton launched into SHE

To study the formation of the secondary soliton, we initialise with NLSE soliton, with 
𝐴 = 20, 𝑣 = 4, 𝑠 = 𝐿/2.

• Initial profile relaxes by shedding waves, and then recovers and oscillates.
• Lower-amplitude two-solition bound state forms.
• Oscillations in amplitude and 𝜁0, 𝜁- are at the same frequency as the rotation 

frequency of the primary soliton.
• (𝑘, 𝜔) spectrum suggests a resonant wave-primary soliton interaction is responsible 

for the creation of the secondary soliton.

<latexit sha1_base64="mmAc7TGmJeXx4yF5qSr2BPUhYDQ="></latexit>
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Spatiotemporal and DST dynamics
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Soliton frequency Ω ≈ 2̅!34!
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Ω = 45.0

Modulate amplitude
�̅� → �̅� + 2Δcos Ω𝑡 ,    𝑢 ∼ �̅�𝑒356) + Δ + Δ𝑒3-56)

The bound state is well described by an NLSE 
soliton with a modulated amplitude.

The nature of the bound state 

Tempting to suggest that as the bound state 
absorbs more waves, the secondary trace 
peels off the dispersion relation.
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Yet more results
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IC 3: two SHE solitons

To study soliton mergers, we initialise with two SHE quasi-solitons, with a range of 
initial phase differences Δ𝜙 = 𝜙0 − 𝜙-. (𝑣 = ±0.5)

The SHE has its own quasi-soliton solution that balances dispersion with self-focusing 
(Jia & Lin 2012).

• The solitons undergo numerous inelastic collisions as they re-circulate through the 
periodic box.

• When they collide, one of them grows at the expense of the other (reflected in the 
imaginary part of the respective primary eigenvalue).

• Mergers occur when Δ𝜙 = 0 on collision. One soliton captures another to form the 
bound state.
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Scan in phase difference
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Conclusion and perspectives
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• We have demonstrated the utility of the DST as a diagnostic tool to examine 
the weakly nonintegrable Schrödinger-Helmholtz equation.

• We have used it to characterise the “statistical attractor” that emerges out of 
strongly nonlinear soliton turbulence, as a two-soliton bound state.

• This bound state appears universal, as it emerges out of many situations: 
soliton turbulence, soliton collisions, and soliton-wave interactions.

• We need to understand these mechanisms better mathematically, and to 
integrate them into the general theory of wave turbulence.

• Other weakly nonintegrable systems are crying out for a similar analysis.

Conclusion and perspectives
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Happy birthday Sergey!
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IC 2: NLSE soliton in SHE – scan in 𝜷
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